Background: The tensor interaction is known to play an important role in the nuclear structure studies of exotic nuclei. However, most microscopic studies of low-energy nuclear reactions neglect the tensor force, resulting in a lack of knowledge concerning the effect of the tensor force on heavy-ion collisions. An accurate description of the heavy-ion interaction potential is crucial for understanding the microscopic mechanisms of heavy-ion fusion dynamics. Furthermore, the building blocks of the heavy-ion interaction potential in terms of the ingredients of the effective nucleon-nucleon interaction provides the physical underpinnings for connecting the theoretical results with experiment. The tensor force has never been incorporated for calculating the nucleusnucleus interaction potential. Purpose: The theoretical study of the influence of the tensor force on heavy-ion interaction potentials is required to further our understanding of the microscopic mechanisms entailed in fusion dynamics. Method: The full Skyrme tensor force is implemented into the static Hartree-Fock and dynamic densityconstrained time-dependent Hartree-Fock (DC-TDHF) theory to calculate both static (frozen density) and dynamic microscopic interaction potentials for reactions involving exotic and stable nuclei. Results: The static potentials are found to be systematically higher than the dynamical results, which are attributed to the microscopic dynamical effects included in TDHF. We also show that the dynamical potential barriers vary more significantly by the inclusion of tensor force than the static barriers. The influence of isoscalar and isovector tensor terms is also investigated with the TIJ set of forces. For light systems, the tensor force is found to have a small effect overall on the nucleus-nucleus potential. However, for medium and heavy spinunsaturated reactions, the potentials may change by several MeV by the inclusion of tensor force, indicating a strong impact of the tensor force on sub-barrier fusion. Conclusions: The tensor force could indeed play a large role in the fusion of nuclei, with spin-unsaturated systems seeing a systematic increase in ion-ion barrier height and width. This fusion hindrance is partly due to static, ground state effects from the inclusion of the tensor force, though additional hindrance appears when studying nuclear dynamics.
I. INTRODUCTION
With the increasing availability of radioactive ion beams, the study of structure and reactions of exotic nuclei is one of the most fascinating research areas in nuclear physics [1] . The exotic nuclei display distinct features from those seen in typical stable nuclei, which is attributed partly to the unique characteristics of the nucleon-nucleon interaction. The tensor interaction between nucleons is one such characteristic and is well known to be important in nuclear structure properties [2] , e.g., the shell evolution of exotic nuclei [3] , spin-orbit splitting [4] , and Gamow-Teller and charge exchange spin-dipole excitations [5] . However, its role in low-energy nuclear reactions is poorly understood as the tensor force has been neglected in most reaction dynamics calculations. In particular, regarding nuclear dynamics, the tensor force changes not only the spin-orbit splitting but also the intrinsic excitations which may give rise to dynamical effects which are more complicated than those arising from simple shell evolution. The study of the effects of the tensor force on heavy-ion fusion dynamics will lead to a better understanding of the effective nucleon-nucleon interaction and of the correlations present in these many-body systems.
The study of heavy-ion interaction potentials is of fundamental importance for above barrier and sub-barrier fusion reactions [6] . In general, two categories of theoretical approaches are used for calculating ion-ion potentials. In the first category, phenomenological models such as the Bass model [7] , the proximity potential [8, 9] , the double-folding potential [10, 11] , and driven potential from dinuclear system model [12] [13] [14] [15] [16] could be mentioned. Although these methods have been successful in explaining particular aspects of reaction data [17, 18] , the uncertainty of macroscopic parameters and the lack of microscopic origins restrict their predictive power and may obscure the underlying physical processes. Second category contains the semi-and fully microscopic approaches to obtain potentials by including the interactions of the constituents [19] [20] [21] [22] [23] . One common assumption used in many of the semi-microscopic calculations is that of the frozen density or sudden approximation [24] , in which the nuclear densities are unchanged during the computation of the nucleus-nucleus potential as a function of internuclear distance. This approximation may result in an unphysical potential at deep sub-barrier energies, where the inner turning point of the interaction potential corresponds to large nuclear overlap. Various remedies have been developed to address this issue within the confines of the coupled-channels approach [25, 26] . In other microscopic approaches, such as the constrained mean-field methods, although the nuclear den-sities are allowed for the rearrangement, the potential energy path is obtained by the static adiabatic approximation, thus ignoring the dynamical effects.
In recent years we have developed the density-constrained time-dependent Hartree-Fock (DC-TDHF) approach for calculating heavy-ion interaction potentials, which naturally incorporate all of the dynamical effects included in the timedependent Hartree-Fock (TDHF) description of the collision process [27] . These effects include nucleon transfer, couplings between the collective motion and intrinsic degrees of freedom, neck formation, internal excitations, and deformation effects to all orders. The method is based on the TDHF evolution of the nuclear dynamics coupled with density-constrained (DC) Hartree-Fock (HF) calculations to obtain the ion-ion potential. In contrast to other mean-field based microscopic methods, the DC-TDHF approach doesn't need to introduce external constraining operators which assume that the collective motion is confined to the constrained phase space. That means that the many-body system selects its evolutionary path by itself following the microscopic dynamics. We have applied this method for a wide range of reactions [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] and found reasonable agreement between the measured fusion cross sections and the DC-TDHF results. To our knowledge, neither the phenomenological nor microscopic methods for calculating ion-ion potential include the tensor force between nucleons, which is an important component of the nuclear force. Our work is the first attempt to investigate the effect induced by the tensor force on heavy-ion interaction potentials.
The TDHF approach is a well-defined framework and provides a useful foundation for a fully microscopic many-body theory. Quantum effects are considered, which is essential for the manifestation of shell effects during the collision dynamics. Recently, the effect of the tensor force in heavy-ion collisions has been studied using direct TDHF [38] [39] [40] [41] [42] calculations. Furthermore, the TDHF approach provides a deeper understanding of nuclear dynamics, as seen in recent applications to fusion [32] [33] [34] [35] [36] [37] [43] [44] [45] [46] [47] [48] , quasifission [49] [50] [51] [52] [53] , transfer reactions [54] [55] [56] [57] [58] [59] [60] [61] , fission [62] [63] [64] [65] [66] [67] , and deep inelastic collisions [39] [40] [41] [68] [69] [70] [71] [72] [73] [74] . For recent reviews see Refs. [75] [76] [77] .
This article is organized as follows. In Sec. II, we summarize the theoretical formalism of Skyrme energy functional with the tensor force included and the TDHF and DC-TDHF approaches. Section III presents the systematic analysis of the impact of the tensor force on heavy-ion interaction potentials. A summary is given in Sec. IV.
II. THEORETICAL FRAMEWORK
Despite the wide application of the TDHF approach, various assumptions and approximations that may affect the TDHF results have been employed in the past. This led to an occasional imperfect or even incorrect reproduction of experimental data. To remedy these problems a considerable theoretical and computational effort has been undertaken for increased numerical accuracy and improved effective interactions. For instance, the inclusion of the spin-orbit interaction solved an early conflict between TDHF predictions and experimental observations [78, 79] and turned out to play an important role in fusion and dissipation dynamics [68, 72] . In recent years it has become feasible to perform TDHF calculations on a three-dimensional Cartesian grid without any symmetry restrictions and with accurate numerical methods. In addition, the quality of energy density functional (EDF) has been substantially improved. The time-odd terms in particular have shown to be non negligible in heavy-ion collisions [80] . However, there are still important components of the basic theory that have not yet been fully implemented, such as the tensor force between nucleons. In order to study the role of tensor force in heavy-ion interaction potential, we incorporate the full tensor force into the microscopic TDHF and DC-TDHF approaches.
A. Full Skyrme energy functional
Most TDHF calculations employ the Skyrme effective interaction [81] , in which the two-body tensor force was proposed in its original form as
The coupling constants t e and t o represent the strengths of triplet-even and triplet-odd tensor interactions, respectively.
It is natural to represent the total energy of the system
in terms of the energy functional. The functional is composed by the number density ρ, kinetic density τ, current density j, spin density s, spin-kinetic density T, the tensor-kinetic density F, and spin-current pseudotensor density J [40] . The full version of Skyrme EDF is expressed as
where H 0 is the simplified functional used in the Sky3D TDHF code [82] and most TDHF calculations. The terms containing the coupling constants A arise from the Skyrme central force and those with B from the tensor force. The definitions of both A and B can be found in Refs. [2, 83] . All the timeeven and time-odd terms in Eq. (3) have been implemented numerically in the mean-field Hamiltonians of the HF, TDHF and DC-TDHF approaches. As pointed out in Refs. [2, 40] , the terms containing the gradient of spin density may cause spin instability in both nuclear structure and reaction studies, hence the terms of s t · ∆s t and (∇ · s t ) 2 have been turned off in all calculations.
B. TDHF approach
Given a many-body Hamiltonian, the action can be constructed as
where Φ is the time-dependent many-body wave function.
In TDHF approach the many-body wave function Φ(r,t) is approximated as a single time-dependent Slater determinant composed of an antisymmetrized product of the single particle states φ λ (r,t)
and this form is kept at all times in the dynamical evolution. By taking the variation of the action with respect to the singleparticle wave functions, the set of nonlinear coupled TDHF equations in the multidimensional space-time phase space
yields the most probable time-dependent mean-field path, where h is the HF single-particle Hamiltonian. The set of nonlinear TDHF equations has been solved on three-dimensional coordinate space without any symmetry restrictions and with modern, accurate numerical methods [80, 82] .
C. Dynamical potential from DC-TDHF approach
Since TDHF theory describes the collective motion of fusion dynamics in terms of semi-classical trajectories, the subbarrier quantum tunneling of the many-body wave function can not be included. Consequently, direct TDHF calculations can not be used to describe sub-barrier fusion. At present, all sub-barrier fusion calculations assume that there exists an ionion potential which depends on the internuclear distance. The microscopic DC-TDHF approach [27] is employed to extract the nucleus-nucleus potential from the TDHF time evolution of the dinuclear system. In this approach, at certain time during the evolution, the instantaneous TDHF density is used to perform a static HF energy minimization
by constraining the proton and neutron densities to be equal to the instantaneous TDHF densities. Since we are constraining the total density, all moments are simultaneously constrained. DC-TDHF calculations give the adiabatic reference state for a given TDHF state, which is the Slater determinant with the lowest energy for a given density. The minimized energy
is the density-constrained energy.
Since this densityconstrained potential still contains the binding energies of individual nuclei which should be subtracted out, the heavy-ion interaction potential is deduced as
where E A1 and E A2 are the binding energies of the two individual nuclei. One should note that this procedure does not affect the TDHF time evolution and contains no free parameters or normalization.
D. Bare potential from FHF approach
In previous subsection, the DC-TDHF technique has been introduced to compute the nucleus-nucleus potential in a dynamical microscopic way. All of the dynamical effects included in TDHF is then directly incorporated in the potential. Here we look for a different approach to produce a bare potential which does not include any dynamical contribution, since we aim to disentangle the static and dynamical effects of the tensor force. The bare nucleus-nucleus potential is defined as the interaction potential between the nuclei in their ground states. In addition, to preserve the consistency with microscopic calculations, it is necessary to compute the potential from the same EDF used in HF, TDHF, and DC-TDHF calculations. This is possible using the frozen Hartree-Fock (FHF) technique [84] , assuming that the densities of the target and projectile remain constant and equal to their respective ground state densities. The potential can then be expressed as
where ρ 1 and ρ 2 are HF ground state densities of the fragments, and E[ρ 1 + ρ 2 ] is the same Skyrme EDF as defined in Eqs. (2) and (3). In the FHF approach, the Pauli principle between pairs of nucleons belonging to different collision partners has been neglected. When the overlap between the density distributions is small, the barrier is almost unaffected by the inclusion of the Pauli principle. However, at larger overlaps of the densities where the Pauli principle is expected to play a more important role, the FHF approximation may not properly account for the potential, particularly the inner part [48] .
III. RESULTS
The concept of using density as a constraint for calculating collective states from TDHF time evolution was first introduced in the mid 1980s [85] , and was used for the microscopic description of nuclear molecular resonances [86] . In recent years, the DC-TDHF approach has demonstrated its feasibility and success in explaining sub-barrier fusion dynamics for a wide range of reactions. This is rather remarkable given the fact that the only input in DC-TDHF is the Skyrme effective interaction, and there are no adjustable parameters. In the present work, we focus on how the tensor force affect the nucleus-nucleus potential which is vital for the theoretical analysis of sub-barrier fusion dynamics. We have thus chosen ten representative reactions with proton and neutron numbers of reaction partners corresponding to the magic numbers 8, 20, 28, 50, and 82, in which the spin-saturated shells are 8 and 20.
In the numerical simulation the static HF ground state for the reaction partner has been calculated on the symmetryunrestricted three-dimensional grid. The resulting Slater determinants for each nucleus comprise the larger Slater determinant describing the colliding system during the dynamical evolution. The TDHF time propagation is performed using a Taylor-series expansion up to the sixth order of the unitary boost operator with a time step of 0.2 fm/c. For the dynamical evolution, we use a numerical box of 48 fm along the collision axis and 24 fm in the other two directions and a grid spacing of 1.0 fm. The initial separation between the two nuclei is 20 fm. The choice of these parameters assures good numerical accuracy in the unrestricted TDHF evolution. We have simultaneously performed the density constraint calculations utilizing the DC-TDHF method at every 10-20 time steps (corresponding to 2-4 fm/c interval). The convergence property in DC-TDHF calculations is as good if not better than in the traditional constrained HF with a constraint on a single collective degree of freedom.
We employ the Skyrme interaction in the calculations, in which the tensor force has been constructed in two ways. One is to add the force perturbatively to the existing standard interactions, for instance, the existing Skyrme parameter SLy5 [87] plus tensor force, denoted as SLy5t [4] . The comparison between calculations with SLy5 and SLy5t addresses the question on how much of the changes is caused by tensor force itself. Another approach is to readjust the full set of Skyrme parameters self-consistently. This strategy has been adopted in Ref. [2] and led to the set of TIJ parametrizations with a wide range of isoscalar and isovector tensor couplings. Due to its fitting strategy, the contributions from the tensor force and the rearrangement of all other terms could be physically entangled.
For light systems, we choose the spin-unsaturated 12 C+ 12 C and spin-saturated 16 O + 16 O reactions for comparison. As we have reported in Ref. [36] , the potential barriers are sensitive to the colliding energy. Hence, the same initial energy, close to the Coulomb barrier, is used for the reaction with and without tensor forces. In Fig. 1 , we plot the ion-ion potentials obtained from Eq. (9) using the DC-TDHF approach for (a) 12 C + 12 C at E c.m. = 8 MeV and (b) 16 16 O, show spherical ground states with tensor (SLy5t) and without tensor (SLy5) forces, which are in agreement with experimental data and other calculations. The correct description of the initial shape of target and projectile nucleus is important for the dynamical evolution of heavyion collisions. We see that for the spin-unsaturated system 12 C + 12 C, the potential with the tensor force included has an overall higher interaction barrier than without the tensor force, although the difference of the potential barrier peak is small at roughly 0.07 MeV. For the spin-saturated system 16 O + 16 O, the internuclear potential is close with and without tensor force, having a barrier height of 10.02 MeV and a peak location of 8.66 fm. This indicates that the tensor force has negligible effect on the near-barrier fusion for the spin-saturated system 16 O + 16 O, which is consistent with the findings in Ref. [40] . For these light systems the tensor force shows a small effect on the interaction potential.
For reactions involving two medium mass nuclei, we have chosen five representative reactions 40 Ca + 40 Ca, 40 Ca + 48 Ca, 48 Ca + 48 Ca, 48 Ca + 56 Ni, and 56 Ni + 56 Ni, which vary by the total number of spin-unsaturated magic numbers in target and projectile by 0, 1, 2, 3, and 4. In these collisions, the reaction partners are closed-shell corresponding to 20 (spin-saturated) and 28 (spin-unsaturated) neutron or proton magic numbers. To disentangle the static (e.g. modification of ground-state density) and dynamical (e.g. modification of couplings, dissipation, and transfer) origins of the tensor force, the nucleusnucleus potentials obtained both from FHF and DC-TDHF calculations are shown in Fig. 2 for all Ca and Ni reactions. In the initial state of the collision dynamics, the deviation of the static FHF potential from the dynamical DC-TDHF re- sults is the order of smaller than 10 keV. For all the Ca and Ni reactions, we observe that the nucleus-nucleus potentials are considerably different for the static FHF and dynamical DC-TDHF results. The static potentials are systematically higher than the dynamical results, and the barrier peaks are located at smaller relative distance with FHF. In particular, the inner part of the potential, having strong effect on the sub-barrier fusion, presents more significant difference for FHF and DC-TDHF results. This behavior is well understood and is a consequence of the absence of Pauli principle and excitations for the frozen density overlaps in FHF potentials [42, 48, 84] , thus the difference between FHF and DC-TDHF is due to dynamical effects. Another interesting observation is that the variation of dynamical barriers due to tensor force is systematically greater than the ones for the static barriers. This indicates that the tensor force influences not only the ground-state single-particle levels, but also the dynamical effects including nucleon transfer, the couplings to low-lying states, and intrinsic excitations. In Ref. [42] , how these dynamical effects affect the fusion barriers heights computed directly from TDHF has been investigated to study the role of tensor force on above-barrier fusion dynamics.
For the spin-saturated reaction 40 Ca + 40 Ca, the interaction potential remains nearly unchanged by the inclusion of tensor force for both static and dynamical cases, indicating that the tensor force has almost no impact on the dynamical evolution for spin-saturated systems, since the contribution of tensor force is expected to be nearly zero for the ground state of spin-saturated nuclei. For the spin-unsaturated reactions, the barriers with tensor force SLy5t are systematically higher than those without the tensor force SLy5. This indicates a fusion hindrance effect due to the tensor force in this mass region. Note that the nucleus-nucleus potential is energy-dependent, which thus may present distinct behavior at different colliding energies. Empirically, 1 MeV larger in the inner part of the potential barrier can cause one order lower in the fusion cross section at sub-barrier energies. From the comparison of dynamical potentials for SLy5 and SLy5t, the potential barrier increases several MeV due to tensor force, which may results in changes of the sub-barrier fusion cross sections by several orders of magnitude. For the medium mass systems with proton or neutron magic shells 20 and 28, the tensor force has a significant effect on the nucleus-nucleus potential, particularly in the inner region. Until now, the studies have utilized the tensor force SLy5t. To obtain a comprehensive and rigorous understanding of the effects of the tensor force in heavy-ion collisions, we now proceed to a comparison among the results of various forces, for which the coupling constants are listed in Tab. I. Taking the reaction 48 Ca + 48 Ca as an example, we show the nucleusnucleus potential with the six forces SLy5, SLy5t T22, T26, T44, and T62 in Fig. 3 . For T22 and T44 the potentials are close to each other, indicating the isoscalar tensor coupling has negligible effect in this reaction. By comparing the results with T26, T44, and T62, the potential increases as the isovector tensor coupling decreases. This clear dependence of isoscalar and isovector tensor coupling may be due to the interplay between tensor terms and rearrangement of mean-field. The effect of the isoscalar tensor with the proton and neutron single particle spectrum moving in the same way seems to be canceled by the refitting of the parameters. However, the refitting does not incorporate the effect of isovector tensor in the same way. Detailed discussions on this can be found in Ref. [42] . The T62 (T26) interaction also leads to similar potentials as SLy5t (SLy5), even though they have quite different tensor coupling constants, because the rearrangement of the mean-field for T62 (T26) produce additional effects which cancel part of the tensor force in SLy5t (SLy5).
To gain a better insight into the tensor force, the dynamical potential is shown in Fig. 4 for various Ca+Sn systems which involve one medium and one heavy reaction partner. For 48 Ca, 100 Sn, and 120 Sn, the ground states are found to be spherical for both SLy5 and SLy5t. However, the 116 Sn nucleus exhibits small quadrupole deformation β 2 of 0.077 and 0.026 for SLy5 and SLy5t, respectively, for which the deformation difference arises from the tensor force. Since the outcome of collision dynamics strongly depends on the deformation orientation of colliding partners, the deformed nucleus 116 Sn is initially set as the tip orientation in both SLy5 and SLy5t with the symmetry axis of 116 Sn parallel to the internuclear axis. We find that, for the Ca+Sn systems, the effects of the tensor force show similar trends as in the spin-unsaturated Ca+Ni systems presented in Fig. 2 . The tensor force has the largest effect on the reaction 48 Ca+ 116 Sn as compared to the reactions with 48 Ca colliding 100 Sn and 120 Sn isotopes, which may be due to the strong effect of the tensor force on the energy difference of single-proton states 1h 11/2 and 1g 9/2 along the Z=50 isotopes for 116 Sn, as shown in Ref. [4] . Another suspected cause for this large effect arising from the tensor force in the 48 Ca+ 116 Sn reaction is the static deformation effects leading to a vastly different dynamical path for the system.
IV. SUMMARY
We incorporate the full tensor force into the FHF and DC-TDHF approaches to investigate the impact of the tensor force on heavy-ion internuclear potentials for ten representative systems in different mass regimes. As expected we find that static potentials are systematically higher than the dynamical results, however, the variation of dynamical potential barriers induced by tensor force is larger than those of the static case, which are attributed to the microscopic dynamical effects included in TDHF. For light systems, the tensor force is found to have small effects on the nucleus-nucleus potential, with the barrier height and inner part of the barrier changing by a fraction of an MeV. Even this small change may lead to large effects in cross sections when considering deep sub-barrier collisions at energy scales common in astrophysical systems. For medium and heavy spin-unsaturated reactions the effect is much more pronounced, with changes on the order of a several MeV for both the barrier height and inner part of the potential. These differences indicate an important impact on sub-barrier fusion dynamics and a substantial fusion hindrance effect arising from the tensor force.
The fully microscopic TDHF theory has shown itself to be rich in nuclear phenomena and continues to stimulate our understanding of nuclear dynamics. The time-dependent mean-field studies seem to show that the dynamic evolution builds up correlations that are not present in the static theory. While modern Skyrme forces provide a much better description of static nuclear properties in comparison to the earlier parametrizations there is a need to obtain even better parametrizations that incorporate deformation and reaction data into the fit process. The tensor force should be a part of these investigations. 
